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Magneto-optical effects are at the heart of modern technologies providing opportunities for 
polarization control in laser physics and optical communications, metrology and in high-
density data storage. Here we developed a new type of a hyperbolic magneto-optical 
metamaterial based on Au-Ni nanorod arrays. The metamaterial exhibits an enhanced 
magneto-optical response with large rotation of the polarization plane and nonreciprocal light 
transmission. We proposed and validated the effective medium model that incorporates both 
plasmonic and magneto-optical phenomena in complex multi-component nanorod media. The 
experimental and theoretical results indicate that the magneto-optical response of the 
nanostructured metamaterial is drastically enhanced and spectrally modified with respect to 
bulk ferromagnetic media due to  interplay between strong anisotropy and magnetic-field 
induced polarization rotation.  
 
1. Introduction 
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Magneto-optical effects are at the core of polarization-control, telecommunications, 
sensing, and the emerging field of non-reciprocal photonics [1,2] where axial symmetry of the 
magnetic field is the enabling mechanism for the violation of Parity-Time symmetry of the 
optical response. Unfortunately, homogeneous materials available in nature exhibit relatively 
weak magneto-optical activity. Artificial magneto-optical behavior has been recently 
demonstrated in photonic-crystal-inspired structures and in waveguided geometries [3,4], 
configurations known for their sensitivity to long-range order and, therefore, highly 
susceptible to fabrication imperfections. Planar multilayered and more complex geometries 
have been suggested theoretically [5].  
Here, we demonstrate that multi-component nanostructured metamaterials can be used 
to significantly enhance magneto-optical response of their inclusions by combining field 
enhancement, enabled by plasmonic nanostructures, and the strong anisotropy of nanorod 
composites [6,7]. The metamaterial is fabricated using standard electrodeposition protocols 
[8] and operates in the effective medium regime, known for its tolerance to small-scale 
geometry variations [9,10,12,14,15]. We present comprehensive theoretical, experimental, 
and numerical analysis of the electromagnetic properties of the magneto-optical metamaterial, 
demonstrating both the rotation of the polarization plane and non-reciprocal transmission, two 
phenomena that can be controlled by the direction of the external magnetic field. This 
enhanced response is the result of the combination of the introduced magneto-optical 
properties and strong anisotropy of the metamaterial. We demonstrate rotation of the 
polarization plane with the effective Verdet constant equivalent of at least 105 [rad/m/T], 
significant enhancement with respect to bulk ferromagnetic materials [11], suggesting that 
nanostructured magnetic materials have much stronger magneto-optical response than their 
bulk counterparts. Overall, plasmonic magneto-optical nanorods combine the benefits of sub-
wavelength light manipulation offered by metamaterials and of strong magneto-optics offered 
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by plasmonic nanocomposites, leading to a promising material platform for integrated 
nanophotonic applications.  
The magneto-optical metamaterial geometry and its optical response is illustrated in 
Figure 1. The composite is formed by an array of aligned plasmonic (gold) nanorods with 
magneto-optical (nickel) shells inside a dielectric (alumina) matrix (note that in the 
composites Ni shells extend only part-way along the rod; see Methods). As follows from the 
geometry, in the absence of external static magnetic field and in the limit when the unit cell is 
much smaller than the wavelength (𝑎 ≪ 𝜆0), the optical response of the composite can be 
described by a diagonal permittivity tensor with Cartesian components 𝜖̂ = {𝜖⊥, 𝜖⊥, 𝜖𝑧𝑧}. 
Effective medium theory can be used to relate the components of the effective permittivity 𝜖⊥  
and 𝜖𝑧𝑧 to the permittivity of the constituent materials, as well as to the geometrical 
parameters of a metamaterial, such as a unit cell 𝑎, and radii of the rod 𝑟1 and of the shells 
around the rod 𝑟𝑖, with 𝑖 = 2, … , 𝑁. Existing analytical and numerical tools allow calculations 
of the optical response of metamaterials composed of rods without shells, with plasmonic and 
magneto-optical material constituents and  in the limit 𝑟1 ≪ 𝑎 [1,12,15,16], as well as shelled 
nanorod composites, comprising non-magneto-optical materials with arbitrary rod 
concentration [13,14]. Here, we present a formalism that can incorporate magneto-optical 
response in the effective-medium description of shelled rod metamaterials and even in the 
limit 𝑟𝑖 ≃
𝑎
2
. We consider a metamaterial with a = 64 nm, r1 = 15 nm and r2 = 23 nm and 
assume that the height of each of Ni-clad and air-clad section of the nanorods is equal to 100 
nm. Different combinations of geometrical parameters can potentially further optimize 
magneto-optical response beyond what is reported in this work.  
The diagonal components of the effective permittivity (Fig. 1b) are of different signs 
throughout visible (Au/Ni composites) and IR (Au composite) frequency ranges (see Methods 
for the details), with poles and resonances of the components of the effective permittivity 
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resulting in the peaks of optical extinction of the composite (Fig. 1c,d). Metamaterials with 
such strong anisotropy, also called hyperbolic metamaterials, are known to enable sub-
wavelength light manipulation and modulation of optical density of states[9,10,17,18]. This 
work extends the applications of hyperbolic metamaterials to magneto-optical media, 
potentially enabling strong magneto-optical activity in sub-wavelength optical waveguides.  
Magneto-optical media are characterized by the changes in their optical response as result of 
the applied external magnetic field. The details of these changes are related to the direction 
and the amplitude of the external magnetic field [19]. In particular, when the external field is 
perpendicular to the interface, the parallel slab of magneto-optical material rotates the plane 
of polarization of transmitted light and can be potentially used as an optical isolator 
[1,2,19].When a magnetic field is parallel to the slab interface and perpendicular to the plane 
of incidence, a lossy magneto-optical material can result in asymmetric propagation, 
potentially enabling unidirectional transmission of light [20,21]. In both cases, optical 
properties of the magneto-optical materials can be related to the non-zero off-diagonal 
components of their permittivity tensor. For composite materials it becomes important to 
relate the optical response of the metamaterial constituents to the response of the metamaterial 
as a whole. 
 
2. Effective medium response of shelled nanorod metamaterials with magneto-optic 
inclusions  
The proposed approach is based on the Maxwell-Garnett-type formalism, extended to 
high concentration of inclusions [13,14,16]. In contrast to the previous studies, here we 
implement magneto-optical behavior into the effective medium response of the shelled 
nanorod composites. The procedure applicable to the case of the anisotropic unit cell and to 
nanorod materials with multiple shells is described below.  
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Since the dimensions of the unit cell are much smaller than the free space wavelength 
(𝑎 ≪ 𝜆0), the quasi-static approximation can be used to calculate the distribution of the 
electric field across a unit cell of the metamaterial. As such, distribution of the electric field 
across the unit cell can be related to the solutions of the Laplace equation for the electric 
potential Φ. In an individual shell, these solutions are represented as  
Φ𝑖(r, φ) = ∑ (𝑎𝑖,𝑚
+ 𝑟𝑚 + 𝑎𝑖,𝑚
− 1
𝑟𝑚
) cos(𝑚𝜑)𝑀𝑚=1,3,5,…   
+∑ (𝑏𝑖,𝑚
+ 𝑟𝑚 + 𝑏𝑖,𝑚
− 1
𝑟𝑚
) sin(𝑚𝜑)𝑀𝑚=1,3,5,…  +𝑎𝑖,0 + 𝑏𝑖,0 ln(𝑟) ,   (1) 
where the index 𝑖 represents the shell number and the index 𝑚 represents the Fourier index.  
The problem of finding the effective permittivity of the nanorod composite is, therefore, 
reduced to the problem of calculating the coefficients of the expansions 𝛼𝑖
±⃗⃗⃗⃗  ⃗ and 𝛽𝑖
±⃗⃗⃗⃗  ⃗ in each 
layer, based on the external excitation field that is parameterized by a coefficient 𝛼𝑁,1
+ . The 
procedure of calculating these coefficients is outlined in Methods.   
The known potential is used to calculate the distribution of the electric field (in the 𝑖𝑡ℎ 
layer 𝐸𝑖⃗⃗  ⃗ = −∇⃗ Φi) and the displacement (𝐷𝑖⃗⃗  ⃗ = 𝜖?̂? 𝐸𝑖⃗⃗  ⃗) across the unit cell. The components of 
the effective permittivity tensor are then related to the field distributions via 〈?⃗? 〉 = 𝜖eff̂〈?⃗? 〉 
with 〈⋯ 〉 being the unit-cell average (note that due to linearity of the Maxwell equations, the 
effective parameters are independent of the incident electromagnetic field). In calculating the 
components of the effective permittivity tensor (see Methods), we use the following non-zero 
tensor components  
𝜖eff,?̂? = (
𝜖⊥ 0 𝑖𝛾𝑥𝑧
0 𝜖⊥ 0
−𝑖𝛾𝑥𝑧 0 𝜖𝑧?̃?
),  (2a) 
𝜖eff,?̂? = (
𝜖⊥̃ 𝑖𝛾𝑥𝑦 0
−𝑖 𝛾𝑥𝑦 𝜖⊥̃ 0
0 0 𝜖𝑧𝑧
),  (2b) 
     
6 
 
for an external static magnetic field oriented along ?̂? and ?̂? directions, respectively. The 
diagonal components of the effective permittivity tensors (𝜖⊥, 𝜖⊥̃, 𝜖𝑧𝑧, 𝜖𝑧?̃?) represent the 
material response with the induced polarization along the direction of the external electric 
field. The off-diagonal components (𝛾𝑥𝑧 , 𝛾𝑥𝑦), responsible for magneto-optical activity, 
represent the component of the displacement field which is perpendicular to the excitation 
field. In the absence of an external static magnetic field, we recover 𝛾𝑥𝑧 = 𝛾𝑥𝑦 = 0, 𝜖⊥ =
𝜖⊥̃, 𝜖𝑧𝑧 = 𝜖𝑧?̃? with 𝜖⊥ and 𝜖𝑧𝑧 given by the (modified) Maxwell-Garnett formalism [13]. 
The typical convergence of the effective parameters as a function of the number of the Fourier 
components is shown in Figure 2. It shows that about 6-7 terms are sufficient to achieve 
stable solutions.  
Once the effective medium parameters for the metamaterial are known, transmission 
and reflection through the magneto-optical metamaterial can be determined with a standard 
transfer matrix formalism [22,23]. 
3. The enhanced Faraday effect 
When an external static magnetic field is parallel to the nanorods (axis ?̂? in Fig. 1) and 
the effective permittivity tensor of a metamaterial has symmetry shown in Eq. (2b). The 
eigenmodes supported by the metamaterial represent a combination of elliptically polarized 
plane waves (see Methods). The dispersion of these modes (the dependence of the 
components of their wavevector ?⃗? = {𝑘𝑥, 𝑘𝑦, 𝑘𝑧} on angular frequency 𝜔) is given by  
𝑘𝑧
2 = 𝜖⊥̃
𝜔2
𝑐2
−
𝑘𝑥
2
2
(
𝜖⊥̃
𝜖𝑧𝑧
+ 1)  ±√
𝑘𝑥
4
4
(
𝜖⊥̃
𝜖𝑧𝑧
− 1)
2
+ 𝛾𝑥𝑦2
𝜔2
𝑐2
(
𝜔2
𝑐2
−
𝑘𝑥
2
𝜖𝑧𝑧
)  ,  (3) 
where 𝑐 is speed of light in vacuum (here we use the geometry with 𝑥?̂? plane being plane of 
incidence, resulting in 𝑘𝑦 = 0). The elliptical polarization of these eigen modes, combined 
with the difference of their propagating constants, implies that the metamaterial does not 
preserve the polarization of the linearly polarized incident waves. In general, transmitted 
monochromatic light has elliptical polarization. For the incident linearly polarized light, 
     
7 
 
magneto-optical performance is often characterized by the rotation of the major axis of the 
polarization ellipse of the transmitted light with respect to the linear polarisation of the 
incident light (the parameter known as rotation of polarization plane Δθ; see Methods).  
The spectral dependence of polarization rotation in the case of p-polarized incident 
light with the magnetic field directed along the light propagation has a non-trivial dependence 
on the angle of incidence (Fig. 3). While the full-wave numerical solutions of the Maxwell 
equations largely reproduce the spectra of the polarization rotation seen in the experiment (cf 
Fig. 3a and 3b), the magnitude of the predicted response is several orders of magnitude below 
what is seen in the experiment. We believe that this disagreement stems from the difference in 
magneto-optical response between nanostructured and bulk Ni. Indeed, increasing the off-
diagonal components of Ni by a factor of 50 with respect to the bulk tabulated data, which 
assumes saturating static magnetic field [25], brings the results of the simulations in line with 
the rotation angles seen in the experiment (Fig. 3c).  
The effective medium theory developed in this work can be used to drastically reduce 
the complexity of the numerical solutions of the Maxwell equations. Figure 4 illustrates the 
validity of this effective medium theory, described by Eq. (3), in the case when the static 
magnetic field is directed along the nanorods (both the numerical and the EMT models 
assume that magneto-optical response of Ni is identical to the values exhibited in bulk 
samples [25]). The predictions of the effective medium theory adequately describe the results 
of the full-wave simulations (cf. Fig. 4a and b), at the same time providing drastic reductions 
in the calculation time and in memory requirements. The spectral dependence of the off-
diagonal components of the effective medium polarizability of the Au-Ni-alumina composite 
for both bulk and the 50-times larger off-diagonal components of Ni susceptibility are shown 
in Fig. 4c,d. The spectral dependencies of the off-diagonal components of the composite are 
significantly modified with respect to the spectra for bulk Ni. The change of the sign can even 
be observed. This is the effect of the interplay between magneto-optical and geometric 
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anisotropy of the metamaterial. Notably, increasing the magneto-optical response of Ni 
beyond the tabulated data for bulk Ni film yields the better agreement between the simulated 
and experimental values for the polarization rotation. In order to avoid excessive fitting of the 
theoretical model, we limit the theoretical data to a 50-times increase of the off-diagonal 
response that provides order-of-magnitude agreement with experimental data for both 
polarization rotation and non-reciprocal transmission. The comparison between experimental 
and theoretical results indicates that the magneto-optical response of nanostructured Ni is 
much stronger (approximately 10 times) than that of its bulk counterpart. Indications of this 
phenomenon have been previously reported in larger-diameter Ni nanowire media with the 
magneto-optical response ~5 times stronger than that expected from a bulk material response 
[15,26] and in ultrathin Iron Garnett films [27]. The results suggest that nanostructured Ni can 
provide further enhancement of magneto-optical response. This results in the significant 
changes in the cross-polarized transmission due to magneto-optical activity of the composite 
(Fig. 4e,f). Even in the case when optical response of Ni is considered as in the bulk, the 
metamaterial provides significant rotation of the polarization plane with the effective Verdet 
constant of the order of 105 [rad/m/T], estimated based on Fig. 3b, 4a, 4b, which is 3 orders 
of magnitude larger than ~102 [rad/(T ⋅ m)] that can be achieved with typical bulk magneto-
optical materials, like Terbium Gallium Garnet (TGG) [11].  
 
4. Non-reciprocal transmission  
When a static magnetic field is perpendicular to the plane of incidence (?̂? direction in 
geometry shown in Fig. 1), the eigen modes of the metamaterial recover linear polarization, 
commonly observed in uniaxial crystals. The two families of linearly polarized waves can be 
grouped in ordinary (𝑠-, TE-polarized) modes that have electric field along the ?̂? direction and 
have dispersion  
𝑘𝑧
2 = 𝜖⊥
𝜔2
𝑐2
− 𝑘𝑥
2  (4) 
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and extraordinary (𝑝-, TM-polarized) modes that have the electric field in the 𝑥?̂? plane and 
have the dispersion  
𝑘𝑧
2 = (𝜖⊥ −
𝛾𝑥𝑧
2
𝜖𝑧?̃?
)
𝜔2
𝑐2
−
𝜖⊥
𝜖𝑧?̃?
𝑘𝑥
2     (5) 
Quadratic dependence of both families of modes, with both 𝑥 and 𝑧 components on the 
wavevectors, indicate that even in the presence of magneto-optical response the modes of the 
bulk nanorod metamaterial remain reciprocal. However, a combination of asymmetric 
geometry, anisotropy, and non-vanishing absorption is expected to yield non-reciprocal 
excitation of these modes, and, therefore, leads to non-reciprocal transmission of the p-
polarized light through the planar slab of the metamaterial [20,21]. Such asymmetric 
transmission in the metamaterial structure is shown in Figure 5. Similar to the cross-polarized 
transmission described above, the non-reciprocity seen in the experimental data (Fig. 5a) is 
much stronger than the signal expected from analytical calculations (Fig. 5b). 
The validity of the developed effective medium description is illustrated in Figs. 5c,d. 
The results of the full-wave solutions of Maxwell equations (Fig. 5c) are compared with the 
EMT predictions (Fig. 5d) in the case where the magneto-optical response of Ni is enhanced 
50 times with respect to the tabulated data for bulk materials. Once again, it is seen that such 
enhancement of the Ni response brings the predictions of both the FEM and EMT models to 
quantitative agreement with the experiment, further indicating the strong potential effect of 
nanostructuring of Ni on its magneto-optical properties. 
 
5. Conclusions 
We have designed and demonstrated magneto-optical response of plasmonic shelled 
nanorod metamaterials. Theoretically, we have developed the effective medium technique for 
understanding the effective magneto-optical response and validated this technique via full-
wave solutions of the Maxwell equations. Experimentally, we have demonstrated two 
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hallmark phenomena enabled by the magneto-optical response of metamaterials, cross-
polarization coupling and non-reciprocal transmission. In both cases experimental results 
indicate that the magneto-optical response of nanostructured Ni is significantly stronger than 
the tabulated response of its bulk counterpart. While this work focuses on Au/Ni/alumina 
metamaterials, we expect that qualitatively similar behavior can be obtained in 
plasmonic/magneto-optic/dielectric core-shell metamaterials with different plasmonic 
materials (including but not limited to Al, Cu, Ag), different magneto-optical components 
(Co, Fe), and different dielectrics (including polymers).  
The metamaterial approach allows engineering of the magneto-optical response 
combining magnetic and geometric anisotropy in one metamaterial platform. While 
concentration of a magnetic material in metamaterial is smaller than in the continuous 
magnetic film, the enhancement of the response and the lower absorption of the metamaterial, 
compared to bulk magnetic metals, opens up opportunities for developing new magneto-
optical designs.  Magneto-optical metamaterial platforms allow the combination of plasmonic 
and magneto-optical materials in a way to utilize the best qualities of both systems, opening 
the way for compact high-performance optical isolators and other magneto-optical 
components.  
 
6. Methods 
6.1. Material Fabrication 
Plasmonic magnetic metamaterials based on ordered Au-core/Ni-shell nanorod arrays have 
been fabricated on a glass substrate. Nanoporous anodic alumina oxide (AAO) templates were 
synthesized by two-step anodization. An aluminium film of 600 nm thickness was deposited 
on a multilayer glass substrate by magnetron sputtering. The substrate comprised of a glass 
slide with 20 nm thick adhesive layer of tantalum oxide and a 7 nm thick Au film acting as a 
weakly conducting layer. Tantalum pentoxide is deposited by sputtering tantalum using a 20% 
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oxygen/ 80% argon mixture. The porous alumina structures were obtained by a two step-
anodization in 0.3 M sulphuric acid at 25V. After an initial anodization process, the poorly 
ordered porous layer formed was removed by etching in a solution of H3PO4 (3.5%) and CrO3 
(20 g l-1) at 70°C. An ordered, patterned surface was obtained after removal of the porous 
layer formed during first step of anodization. Then the samples were anodized again under the 
same conditions as in the first step. The anodized samples were subsequently etched in 30 
mM NaOH to achieve pore widening and remove the barrier layer. 
Gold electrodeposition was performed with a three electrodes system using a non-
cyanide solution. The length of the nanorods was controlled by the electrodeposition time. 
The sample was etched again in 30 mM NaOH to form nanoshells around the Au nanorods. 
The thickness of the Ni shell around the Au nanorods was controlled by etching time. Nickel 
was electrodeposited in these nanoshells using a mixed solution of 0.2M Nickel sulphate and 
0.1M boric acid. 
The structure used in these measurements has an Au core of 30 nm in diameter and a 
Ni shell 8±2 nm thick. The period is 64 nm and length of nanorods is 200 nm.  
 
6.2. Optical Characterization 
The schematic diagram of experimental set up for optical measurements is shown in Figure 6. 
It consists of a white light source, collimation lenses, a polarizer and an analyzer, with optical 
axes that can be adjusted with respect to each other and the plane of incidence, and a CCD-
based spectrometer. The sample is mounted onto a non-magmatic stage. Neodymium ring and 
disc magnets of 20 mm diameter and 10 mm thickness with magnetic field of 0.3T and 0.16T, 
respectively, are used in the experiments to provide a magnetic field. The magnets are 
adjusted at the distance of 5 mm from the sample to maximize the magnetic field strength. 
The external magnetic field is applied horizontally along the direction of the incident light 
(the magnetic field has the components both along and perpendicular to the nanorods, along 
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both ordinary and extraordinary axes of the metamaterial, the ratio of the components depends 
on the angle of incidence) or, alternatively, from the top of the sample perpendicular to the 
direction of the incident light (the magnetic field perpendicular to the nanorod axes, along the 
ordinary axis of the metamaterial). The size of the magnets is much larger than the diameter 
of the optical beam, so that uniform magnetic field can be assumed across the illuminated 
spot. The measurements are performed in transmission configuration in the saturated 
magnetic field. The samples are fully demagnetized for the baseline measurements. In order to 
retrieve the polarization of the transmitted light, the intensity 𝑃(𝜃) of the light is measured at 
4 different analyzer angles (𝜃 = 0°, 30°, 45° and 60° with respect to the incident polarizer 
angle). We use these four measurements and the fact that that 𝑃(𝜃) ∝ |𝑬. 𝒖(𝜽)|𝟐, where 𝒖(𝜽) 
is the unit vector along the analyser direction,  to determine the 3 unknown quantities of the 
transmitted polarization state 𝑬 = (𝐸𝑜
𝑟𝑒, 𝐸𝑒
𝑟𝑒 + 𝑖𝐸𝑒
𝑖𝑚) using a least squared error fit [28]. The 
rotation due to the introduction of the magnetic field can then be determined by comparing the 
angle of orientation of the major semiaxis of the polarization ellipse. 
 
 
6.3. The effective medium analysis 
As mentioned above, the effective permittivity is calculated in quasi-static approximation, 
with spatial distribution of electric field given by the electric potential (?⃗? = −∇⃗ Φ) that, in 
turn, is given by Eq. (1). Symmetry of the problem dictates that only odd Fourier modes 
(𝑚 = 1,3, … ,𝑀) contribute to the solution.  
To find the amplitudes of coefficients 𝛼𝑖 and 𝛽𝑖 , we use boundary conditions at each 
inter-shell boundaries to relate the coefficients in the neighboring layers, using interface-
specific scattering and transfer matrices  
 [
𝛼𝑖−⃗⃗⃗⃗  ⃗
𝛽𝑖−⃗⃗⃗⃗  ⃗
] = 𝑆?̂? [
𝛼𝑖
+⃗⃗⃗⃗  ⃗
𝛽𝑖
+⃗⃗⃗⃗  ⃗
] 
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[
𝛼𝑖−1
+⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
𝛽𝑖−1
+⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ 
] = 𝑇?̂? [
𝛼𝑖
+⃗⃗⃗⃗  ⃗
𝛽𝑖
+⃗⃗⃗⃗  ⃗
]  .         (6) 
On the implementation level, the matrices depend on the direction of the external static 
magnetic field. In particular, for the case of 𝐵𝑧 field, the 𝑆 and 𝑇 matrices for a particular 
interface, can be obtained by enforcing the boundary conditions for the electric field and the 
displacement at this interface. Given a general form of the potential [Eq. (1)] as well as 
cylindrical symmetries of nanorod shells, the relevant boundary conditions reduce to 
continuity of tangential electric field (𝐸𝜙) and normal electric displacement (𝐷𝑟). Cylindrical 
symmetry of nanorod shells allows one to decouple the coefficients related to the Fourier 
harmonics corresponding to different indices 𝑚 from each other. It becomes convenient to 
represent the boundary conditions in a matrix form 
𝐹𝑖−1(𝑟𝑖)̂
(
 
 
𝛼𝑖−1
+⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
𝛽𝑖−1
+⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ 
𝛼𝑖−1
−⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
𝛽𝑖−1
−⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ )
 
 
= 𝐹𝑖(𝑟𝑖)̂
(
 
 
𝛼𝑖
+⃗⃗⃗⃗  ⃗
𝛽𝑖
+⃗⃗⃗⃗  ⃗
𝛼𝑖−⃗⃗⃗⃗  ⃗
𝛽𝑖−⃗⃗⃗⃗  ⃗)
 
 
  ,       (7) 
where matrices 𝐹𝑖(𝑟𝑗)̂ have 4𝑀 rows and columns each. The 𝑚-th (2𝑀 +𝑚-th) bi-rows of the 
matrix represent the electric field (displacement) for the terms preserving particular 
sin(𝑚𝜙), cos(𝑚𝜙) terms in the 𝑖-th layer at the position 𝑟𝑗. Eq. (7) can be straightforwardly 
transformed into   
(
 
 
𝛼𝑖−1
+⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
𝛽𝑖−1
+⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ 
𝛼𝑖−1
−⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  
𝛽𝑖−1
−⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ )
 
 
= 𝑀?̂?
(
 
 
𝛼𝑖
+⃗⃗⃗⃗  ⃗
𝛽𝑖
+⃗⃗⃗⃗  ⃗
𝛼𝑖−⃗⃗⃗⃗  ⃗
𝛽𝑖−⃗⃗⃗⃗  ⃗)
 
 
  ,        (8) 
where 𝑀𝑖 = 𝐹𝑖−1(𝑟𝑖)̂
−1𝐹𝑖(𝑟𝑖)̂. As before, matrix 𝑀 is a 4𝑀 × 4𝑀 matrix. It can be represented 
as four sub-matrices, 𝑀𝑖
𝑗𝑘
 2𝑀 × 2𝑀 each, with 𝑗, 𝑘 = 1,2. It is now easy to represent the 
𝑆𝑖, 𝑇𝑖 matrices in terms of the sub-matrices 𝑀𝑖
𝑗𝑘
 and 𝑆𝑖−1:  
𝑆𝑖 = −(𝑀𝑖
22 − 𝑆𝑖−1𝑀𝑖
12)−1(𝑀𝑖
21 − 𝑆𝑖−1𝑀𝑖
11)  
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𝑇𝑖 = 𝑀𝑖
11 +𝑀𝑖
12𝑆𝑖 .         (9) 
Eq. (9), combined with requirement to have finite field at the origin (𝑆1̂ = 0̂) solves the 
problem of finding the full set of interface-specific matrices 𝑆?̂? and 𝑇?̂? for the case when the 
external magnetic field is parallel to the nanorods.  
  In the complimentary case, when the static magnetic field is directed along the ?̂? 
direction, symmetry of the permittivity of components of metamaterial is represented by Eq. 
(2a). Therefore, the 𝑚 = 1 components of the in-plane fields are coupled to the 𝑧-field. The 
boundary conditions now require continuity of both 𝐸𝜙, and 𝐷𝑟 (for all values of 𝑚) as well 
as continuity of 𝐸𝑧 (for 𝑚 = 1). With these additions, the procedure for calculating𝑆?̂? and 𝑇?̂? 
matrices is similar to the one described above. The resultant set of matrices 𝑆?̂? and 𝑇?̂? can be 
used to calculate response of the individual multi-shelled nanorod (or a set of periodic rods) to 
any quasi-static external electric field. To analyze effective medium behavior of the 
metamaterial, we assume a homogeneous excitation field (given by 𝛼𝑁
1 = 1) and impose 
periodic boundary conditions on the fields across the unit cell. To achieve the latter goal, we 
chose a sufficiently large number of points 𝑥𝑝, 𝑦𝑝 along the unit cell boundary (it can be 
shown that the symmetry imposed by the choice of the Fourier harmonics suffices to restrict 
these points to the first quadrant of the boundary where 𝑥𝑝, 𝑦𝑝 > 0) and represent the 
distribution of the Cartesian component of the field 𝐸𝜉(𝑥𝑝, 𝑦𝑝) with 𝜉 = 𝑥, 𝑦 and the 
coefficients 𝛼±⃗⃗⃗⃗  ⃗  and 𝛽±⃗⃗⃗⃗  ⃗ in the matrix form, ℰ̂ [
𝛼𝑁
+⃗⃗⃗⃗  ⃗
𝛽𝑁
+⃗⃗⃗⃗  ⃗
], where each row of the matrix ℰ̂ 
corresponds to a particular combination of 𝜉  and 𝑝, and each column of the matrix 
corresponds to the contribution of the individual sin(𝑚𝜙) or cos(𝑚𝜙) term to the field. In the 
limit 𝑝 > 𝑀, this matrix reduces the field periodicity condition to an overdetermined least-
square fit problem that is used to find all the coefficients  𝛼𝑖⃗⃗  ⃗ and 𝛽𝑖⃗⃗  ⃗ except for 𝛼𝑁
1 .  
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6.4. Dispersion and polarization of plane waves in magneto-optical materials 
In non-magnetic media (materials with relative magnetic permeability 𝜇𝑟 = 1), the Maxwell’s 
equations result in  
∇⃗ × ∇⃗ × ?⃗? = −
1
𝑐2
𝜕2
𝜕 𝑡2
𝜖̂?⃗?   .     (10) 
Assuming plane-wave solution, ?⃗? = 𝐸0⃗⃗⃗⃗ exp(𝑖?⃗? ⋅ 𝑟 − 𝑖𝜔𝑡), the above equation reduces to 
eigen-value problem 
?⃗? ⋅ (?⃗? ⋅ 𝐸0⃗⃗⃗⃗ ) − (?⃗? ⋅ ?⃗? )𝐸0⃗⃗⃗⃗ +
𝜔2
𝑐2
𝜖̂𝐸0⃗⃗⃗⃗ = 0     (11) 
that can be used to find the dispersion (a dependence of components of the wavevector ?⃗?  on a 
frequency 𝜔) as well as the polarization (relationship between components of the field 
amplitude 𝐸0⃗⃗⃗⃗ ) of the eigen modes of the system [19]. In particular, when the symmetry of the 
permittivity is given by Eq. (2a),  Eq. (11) in the limit ?⃗? = {𝑘𝑥, 0, 𝑘𝑧} yields 
(
 
 
𝜖⊥
𝜔2
𝑐2
− 𝑘𝑧
2 0 𝑖𝛾𝑥𝑧
𝜔2
𝑐2
+ 𝑘𝑥𝑘𝑧
0 𝜖⊥
𝜔2
𝑐2
− 𝑘𝑥
2 − 𝑘𝑧
2 0
−𝑖𝛾𝑥𝑧
𝜔2
𝑐2
+ 𝑘𝑥𝑘𝑧 0 𝜖𝑧?̃?
𝜔2
𝑐2
− 𝑘𝑥
2
)
 
 
(
𝐸0𝑥
𝐸0𝑦
𝐸0𝑧
) = 0  .  (12) 
The dispersion of the eigenmodes are given by Eqs. (4,5), while eigen polarizations are given 
by 𝐸0⃗⃗⃗⃗ = {0,1,0}, representing 𝑠-polarized wave, Eq. (4)] and 𝐸0⃗⃗⃗⃗ = {1,0, −
𝜖⊥−𝑘𝑧
2 𝑐2/𝜔2
 𝑖𝛾𝑥𝑧+𝑘𝑥𝑘𝑧 𝑐2/𝜔2
}, 
representing 𝑝-polarized waves. Note that both eigenmodes are linearly polarized. 
Similarly, when the symmetry of the permittivity is given by Eq. (2b), we obtain 
(
 
 
𝜖⊥̃
𝜔2
𝑐2
− 𝑘𝑧
2 𝑖𝛾𝑥𝑦
𝜔2
𝑐2
𝑘𝑥𝑘𝑧
−𝑖 𝛾𝑥𝑦
𝜔2
𝑐2
𝜖⊥̃
𝜔2
𝑐2
− 𝑘𝑥
2 − 𝑘𝑧
2 0
𝑘𝑥𝑘𝑧 0 𝜖𝑧𝑧
𝜔2
𝑐2
− 𝑘𝑥
2
)
 
 
(
𝐸0𝑥
𝐸0𝑦
𝐸0𝑧
) = 0 ,  (13) 
resulting in the dispersion equation of the form Eq. (3) and the amplitude of the eigen modes 
given by 𝐸0
+⃗⃗⃗⃗  ⃗ = {−𝑖
𝜖⊥̃𝜔
2
𝑐2
−𝑘𝑥
2−𝑘𝑧
2
𝛾𝑥𝑦
𝜔2
𝑐2
, 1, 𝐸0𝑧
+ },  𝐸0
−⃗⃗⃗⃗  ⃗ = {1, 𝑖
𝛾𝑥𝑦
𝜔2
𝑐2
𝜖⊥̃𝜔
2
𝑐2
−𝑘𝑥
2−𝑘𝑧
2
, 𝐸0𝑧
− }, with 𝐸0𝑧
± =
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−
𝑘𝑥𝑘𝑧
𝜖⊥̃
𝜔2
𝑐2
−𝑘𝑥
2
𝐸0𝑥
± . In the limit of vanishing magneto-optical response (𝛾𝑥𝑦 = 0), we recover two 
linear- 𝑠- (𝐸0𝑦 ≠ 0) and 𝑝-polarized (𝐸0𝑥, 𝐸0𝑧 ≠ 0) waves. When 𝛾𝑥𝑦 ≠ 0, both eigenmodes 
however are elliptically polarized.  
 
6.5. Numerical solutions of the Maxwell equations 
To verify the validity of the developed effective medium theory, transmission and reflection 
of the composites were calculated with three-dimensional vectorial solutions of the Maxwell 
equations with a commercial FEM solver [24]. The model explicitly considers a single (finite 
height) unit cell of a metamaterial and implements the Floquet periodicity along 𝑥- and 𝑦-
directions (representing in-plane wavenumber of the incident plane wave) to mimic the 
infinite planar structure. In the 𝑧-direction, the geometry is terminated with two ports at the 
bottom and two ports at the top interfaces, assuring the reflection-less transmission of co- and 
cross-polarized light. A subwavelength unit cell of the metamaterial, along with wavelength-
scale separation between the ports and the nanorod, ensures that no diffracted beam 
contributes to the field at the location of the ports. Transmission and reflection can be 
extracted directly from the FEM model using S-parameter calculations.  
In separate calculations the metamaterial was approximated as a homogeneous slab 
with the effective permittivity tensor given by Eq. (1), and the optical response of the planar 
metamaterial layer was calculated using the transfer-matrix-method (TMM)-based formalism. 
Our in-house implementation of TMM is available as a sub-class of rigorous coupled wave 
analysis packet (Supporting Information).  
In order to calculate rotation of the polarization plane, the transmitted part of a 
normally-incident light is represented as a linear combination of TE- and TM-polarized plane 
waves with amplitudes 𝑎𝑦 and 𝑎𝑥, respectively. This combination represents, in general, 
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elliptically polarized light. The rotation of polarization represents the direction of the major 
semiaxis of the ellipse, given by  
𝜃 =
1
2
arg
𝑎𝑥−𝑖 𝑎𝑦
𝑎𝑥+𝑖 𝑎𝑦
   . (14) 
 
Supporting Information  
Supporting Information in the form of the Matlab implementation of the effective medium 
theory for shelled nanorod metamaterials is available from the Wiley Online Library and from 
the author. 
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Figure 1. (a) Schematic geometry and the SEM image (top inset) of the nanorod composite. 
(b) Diagonal components of the effective permittivity tensor of Au/Ni/Al2O3 and Au/air/Al2O3 
metamaterials. (c,d)  Optical extinction spectra of the Au/Ni/Al2O3 metamaterial excited with 
𝑝-polarized light for different angles of incidence: (c) experiment and (d) EMT calculations.  
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Figure 2. Convergence of the effective medium parameters as a function of a number of 
terms in Eq. (1). Geometric parameters of the unit cell are 𝑎 = 64 𝑛𝑚, 𝑟1 = 15 𝑛𝑚, and 𝑟2 =
23 𝑛𝑚, and the permittivity of the components are 𝜖1 = −34.47 + 7.94𝑖, 𝜖2 = −14.7 +
24.98𝑖, and 𝜖3 = 3.09, with magneto-optical response of Ni given by 𝑖𝛾𝑁𝑖 = −0.36 +
0.126𝑖. 
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Figure 3 Rotation of the polarization plane of p-polarized light incident on the metamaterial 
at different angles of incidence when static magnetic field is directed along the direction of 
incident light: (a) experimental data for an angle of incidence of 30o averaged by applying 
Savitzky–Golay filter (thick line) to increase signal-to-noise ratio (please note that due to the 
high extinction, the experimental signal is weak for wavelengths below approximately 550 
nm, preventing accurate reconstruction of polarisation state); (b), (c) numerical simulations 
for bulk tabulated Ni permittivity (b) and for the off-diagonal permittivity components 
increased 50 times (c).  
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Figure 4. (a,b,d,e) Rotation of the polarization plane for a p-polarized beam incident on the 
metamaterial at different angles of incidence when static magnetic field is along the nanorods: 
(a,d) FEM and (b,e) EMT simulations. (c,f) The spectral dependences of the off-diagonal 
components xy used in (b,d), respectively: (solid lines) the off-diagonal components of the 
effective permittivity tensor, (dashed lines) the off-diagonal components of Ni, scaled by the 
volumetric concentration of Ni in the composite.  Tabulated data for Ni [25] are assumed in 
(a-c), while xy for Ni increased 50 times with respect to the tabulated data is assumed in (d-f). 
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Figure 5. Non-reciprocal transmission of a p-polarized light incident at 30o when static 
magnetic field is perpendicular to the plane of incidence: (a) experimental data for an angle of 
incidence of 30o averaged by applying Savitzky–Golay filter (thick line) to increase signal-to-
noise ratio (please note that due to the high extinction, the experimental signal is weak for 
wavelengths below approximately 550 nm), (c,f) TMM and (d) FEM simulations for (c) the 
tabulated data for Ni [25] and (d,f) xz for Ni increased 50 times with respect to the tabulated 
data. Solid lines in (b,e) are the spectra of the off-diagonal components xz of the effective 
permittivity for the TMM calculations in (c,d). Dashed lines in (b) are the spectra of the off-
diagonal components xz of the permittivity tensor of Ni scaled by the volumetric 
concentration of Ni in the composite. 
 
 
 
 
 
Figure 6. Experimental setup. Bottom diagrammes shows the orientation of the polarizer and 
analyser for MO measurements. 
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A new type of a hyperbolic magneto-optical metamaterial based on Au-Ni nanorod 
arrays is developed. The metamaterial exhibits the enhanced magneto-optical response with 
large rotation of a polarization plane and nonreciprocal light transmission. Response of 
metamaterial is drastically enhanced with respect to bulk ferromagnetic media due to an 
interplay between strong anisotropy and magnetic-field induced polarization rotation.  
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